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Kljk Vfkrro Pdwkhpdwlfv Frqwhvw

4<<< ~ Vroxwlrqv

Suholplqdu| Urxqg ~ Mxqlru

41 Ohw { eh wkh qxpehu ri fruuhfw dqvzhuv dqg | wkh qxpehu lqfruuhfw1 Wkhq { . | � 53/ { � 3/ | � 3
dqg 8{� 5| @ 7;1 Iru wklv htxdwlrq wr kdyh lqwhjhu vroxwlrqv/ { pxvw eh hyhq dqg

8{ @ 7; . 5| � 7; . 5 +53� {, @ ;;� 5{

, :{ � ;;, { � 45 vlqfh { lv dq lqwhjhu

Wkxv wkh pd{lpxp qxpehu ri txhvwlrqv wkdw fdq eh dqvzhuhg fruuhfwo| lv 45 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +F,

51 Ohw V eh wkh duhd ri wkh vkdghg uhjlrq1 Lw fdq eh fdofxodwhg e| vxewudfwlqj wkh duhd ri wkh uhfwdqjoh
DEFG iurp wkh duhd ri wkh txduwhu flufoh1 E| wkh S|wkdjruhdq wkhruhp wkh udglxv ri wkh flufoh lv
EG @

s
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s
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Exw :9 � 58� � ;3 vr wkdw

:9� 7;

7
� V � ;3� 7;

7
, : � V � ;

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +G,

61 Wkh duhdv ri rqh volfh ri wkh sl}}dv lv vxppdul}hg lq wkh wdeoh=

Vl}h ri sl}}d Duhd ri rqh volfh
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Wkh duhdv duh wkxv sursruwlrqdo wr 8 4
6
/ 94

7
/ 9 dqg 94

;
1 Reylrxvo|/ wkh odujhvw qxpehu lv 9 4

7
zklfk

fruuhvsrqgv wr wkh 430lqfk sl}}d1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +E,

71 Vxssrvh wkdw |rx duh rqh ri wkh hljkw shrsoh/ |rx krog wkh '63/ dqg |rx kdyh ghflghg wr jlyh wkh rwkhu
vhyhq dv olwwoh ri wkh prqh| dv srvvleoh/ mxvw wr vdwlvi| wkh lpsrvhg frqglwlrqv1 Reylrxvo|/ lq wkdw zd|
|rx zloo eh ohiw zlwk wkh odujhvw vkduh1 \rx fdq sodfh |rxuvhoi lq rqh ri wkh wkuhh fdwhjrulhv ri shrsoh=

41 \rx duh wkh shuvrq zkr jhwv pruh wkdq '81
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51 \rx duh dprxqj wkh irxu shrsoh zkr jhw pruh wkdq '41

61 \rx duh lq d jurxs rwkhu wkdq 4 ru 5 deryh1

Fohduo|/ |rx zloo qhhg wr jlyh dzd| wkh ohdvw dprxqw ri prqh| li |rx duh wkh shuvrq zkr jhwv pruh wkdq
'81 Lq wkdw fdvh |rx qhhg wr jlyh dzd| '5 wr irxu rwkhu shrsoh/ '4 wr wkh uhpdlqlqj wkuhh shrsoh/ dqg

|rx duh ohiw zlwk '63� 7� '5� 6� '4 @ '4<

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +G,

81 Duudqjh wkh �iw| fkloguhq lq d julg dv vkrzq ehorz/ zlwk wkh jlyhq gdwd hqwhuhg lq erog idfh w|sh dqg
{ dv wkh qxpehu ri eurzq0h|hg euxqhwwhv1

eorqgh euxqhwwh Wrwdov
eoxh0h|hg 47 64� { 47 . +64� {,
eurzq0h|hg { 4;

Wrwdov 64 83

Wkh rwkhu fhoov lq wkh wdeoh duh �oohg lq edvhg rq wkh jlyhq gdwd1 Wkxv

47 . +64� {, . 4; @ 83, 96� { @ 83, { @ 46

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +G,

91 Uhihu wr d urz lq wkh gldjudp e| jlylqj lwv hqgsrlqwv/ h1j1/ wkh urz zlwk hqgsrlqwv 6 dqg < zloo eh
ghqrwhg +6> <, dqg lwv vxp lv 6 . ; . 9 . < @ 591 Wklv lv wkh vxp ri doo ri wkh urzv1 Iru urz +4> <, wkh
vxp lv 4 . 8 . G . < @ 59 , G @ 441 Iurp urz +F>H, zh jhw F . 9 . G . H @ 59 , F . H @ <1
Qxpehuv 4/ 6/ 7/ 8/ 9/ ;/ </ dqg 44 duh douhdg| sodfhg rq wkh gldjudp/ khqfh F dqg H pxvw eh dprqj
wkh qxpehuv 5/ :/ 43 dqg 451 Vlqfh F . H @ < wkhuh duh rqo| wzr srvvleolwlhv= F @ 5 dqg H @ :/ ru
F @ : dqg H @ 51 Wkh �uvw srvvlelolw|/ wrjhwkhu zlwk wkh vxpv ri urzv +7> F, dqg +7> H, jlyh D @ 45
dqg E @ 43/ zkloh wkh vhfrqg srvvlelolw| jlyhv D @ : dqg E @ 481 Exw zh pxvw kdyh E � 45/ vr wkh
vhfrqg srvvlelolw| grhv qrw jlyh d ydolg vroxwlrq1 Qrwh wkdw zlwk D @ 45 dqg E @ 43/ urz +4> 6, kdv d

vxp ri 591 Wkxv : jrhv lq wkh sodfh pdunhg H 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +H,

:1 Vlqfh Pdun lv | sodfhv lq iurqw ri Vdp/ wkhuh duh {� | shrsoh ehklqg Vdp/ h{foxglqj Vdp1 Wkhq/ vlqfh
wkhuh duh } shrsoh lq iurqw ri Vdp/ djdlq h{foxglqj Vdp/ wkh wrwdo qxpehu ri shrsoh lq wkh olqh duh=

qxpehu ehklqg Vdp . qxpehu lq iurqw ri Vdp . Vdp @ {� | . } . 4

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +G,

;1 Zh fdq olvw wkh srvvlelolwlhv iru wkh ydoxhv ri wkh dqjohv D/ E dqg F=

D E F

53 53 473
53 73 453
53 93 433
53 ;3 ;3
73 73 433
73 93 ;3
93 93 93

Wkxv wkhuh duh : srvvlelolwlhv1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +E,
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<1 Wkh rfwdjrq fdq eh ghfrpsrvhg lqwr irxu htxdo uhfwdqjohv dqg
hljkw htxdo wuldqjohv/ dv vkrzq rq wkh gldjudp1 Wkh wuldqjohv duh
frqjuxhqw lvrvfhohv uljkw wuldqjohv zlwk k|srwhqxvhv htxdo wr wkh
ohqjwk ri wkh vlgh ri wkh rfwdjrq1 Wkh uhfwdqjohv duh htxdo e| wkh
v|pphwu| ri wkh rfwdjrq1 Li U dqg W uhsuhvhqw wkh duhd ri rqh ri
wkh uhfwdqjohv dqg rqh ri wkh wuldqjohv/ uhvshfwlyho|/ wkhq wkh udwlr
ri vkdghg duhd wr wkh wrwdo duhd ri wkh rfwdjrq lv

U. 5W

7U. ;W
@

4

7

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +E,

431 E| sodflqj dq[ dq|zkhuh hovh wkdq D/ d olqh zlwk wzr [*v dqg qr R*v lv fuhdwhg/ lqfuhdvlqj [*v fkdqfhv

wr orvh1 Wklv vxjjhvwv wkdw sodflqj dq [ dw D lv wkh pryh wkdw jxdudqwhhv wkdw [ grhv qrw orvh1 Lq
rughu wr suryh wkdw wklv lv lqghhg wkh fdvh/ zh wr yhuli| wzr fodlpv=

41 Li [ vwduwv dw D/ wkhq kh fdq jhw dw ohdvw d gudz qr pdwwhu krz R frqwlqxhv wr sod|1

51 Li [ grhv qrw vwduw dw D wkhq R fdq zlq qr pdwwhu krz [ frqwlqxhv wr sod|1

Wr suryh wkh �uvw fodlp/ zh qhhg wr frqvlghu doo srvvleoh pryhv ri R dqg rqo| vshfl�f_ghihqvhv% e|
[1 Wr suryh wkh vhfrqg/ zh qhhg wr frqvlghu doo srvvleoh pryhv ri [ dqg vshfl�f _dwwdfnv% e| R1 Wkh
vroxwlrq lv suhvhqwhg lq wzr wdeohv=

[ vwduwv dw D
[ R [ R [ Uhvxow
D E H F G gudz
D E H G F gudz
D F G E H gudz
D F G H E gudz
D G F E H gudz
D G F H R orvhv
D H E F G gudz
D H E G R orvhv

[ grhv qrw vwduw dw D

[ R [ R [
[ dozd|v orvhv1

Wkh olqh zlwk wkuhh

[*v1

E F D G H E[H
E F G D H E[H
F E D H G F[G
F E H D G F[G
G H D E F F[G
G H E D F F[G
H F D G E E[H
H F G D E E[H

Wkh vhfrqg wdeoh grhv qrw frqwdlq wkh jdphv lq zklfk [ orvhv gholehudwho| lq wkh vhfrqg pryh1 Wkh
vwudwhj| ri R fdq eh ghvfulehg eulh�| dv _iruflqj [ wr frpsohwh wkh olqh zlwk wzr [*v/ rewdlqhg e|
sodflqj wkh [ lq d vsrw rwkhu wkdq D1%

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +D,

441 Reylrxvo|/ wkhuh duh << jluov dqg rqo| rqh er| dw wkh lqvwlwxwh1 Vlqfh 5( ri vwxghqwv olylqj rq fdpsxv
duh er|v/ wkh er| pxvw olyh wkhuh/ dqg kh irupv wkh wrwdo ri wkh pdoh srsxodwlrq ri wkh fdpsxv1 Wkxv/
wkh 5( ri wkh srsxodwlrq olylqj rq fdpsxv frqvlvwv ri rqh vwxghqw1 Vr 4

3=5
@ 83 vwxghqwv olyh rq fdpsxv

dqg 433� 83 @ 83 vwxghqwv olyh r� fdpsxv1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +G,

451 Wkh wlph uhtxluhg iru wkh mre lv gluhfwo| sursruwlrqdo wr wkh qxpehu ri krxvhv dqg lqyhuvho| sursruwlrqdo
wr wkh qxpehu ri sdlqwhuv1 Khqfh/ li wkuhh sdlqwhuv fdq sdlqw irxu krxvhv lq �yh gd|v/ wkhq rqh sdlqwhu
fdq sdlqw rqh krxvh lq 8�6

7
gd|v/ dqg vhyhq sdlqwhuv zloo qhhg 8�6�4;

7�:
@ 48�<

47
@ < <

47
gd|v wr sdlqw 4;

krxvhv1 Wkxv wr wkh qhduhvw gd| lw zrxog wdnh 43 gd|v iru vhyhq sdlqwhuv wr sdlqw 4; krxvhv1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +G,
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461 Wkh vxuidfh duhd ri wkh vrolg frqvlvwv ri vl{ idfhv ri wkh irup dqg wkh zdoov ri vl{ krohv

zklfk fdq eh xqiroghg lqwr wkh irup 1 Wkxv wkh wrwdo duhd lv 9 +6� 6� 4� 4,. 9� 7 @

7; . 57 @ :5 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +F,

471 Ohw g eh wkh qxpehu ri gd|v lq d zhhn rq Ddugydun/ z eh wkh qxpehu ri zhhnv lq d prqwk/ dqg
p eh wkh qxpehu ri prqwkv lq d |hdu1 Wkh jlyhq frqglwlrqv wudqvodwh lqwr wkuhh htxdwlrqv= g @ z/
p @ 5gz/ gzp @ 45831 Khqfh/ p @ 5g5 dqg g5p @ 4583= Ixuwkhu/ e| frpelqlqj wkh odvw wzr htxdwlrqv/
5g7 @ 45831 Wklv jlyhv g7 @ 958 @ 87 ru g @ 8/ dqg frqvhtxhqwo|/ p @ 5

�
85

�
@ 831

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +D,

481 Revhuyh wkdw wkh xqlwv gljlw ri q$ lv }hur iru q � 81 Lqghhg/ li q � 8/ wkhq lw lv d pxowlsoh ri 43 vlqfh
q$ @ 4� 5� 6� 7� 8� � � � � q1 Wkhuhiruh/ wkh xqlwv gljlw lq wkh vxp 4$ . 5$ . 6$ . � � � . 4<<<$ lv wkh
vdph dv wkh xqlwv gljlw lq wkh vxp 4$ . 5$ . 6$ . 7$ @ 4 . 5 . 9 . 57 @ 661 Wkxv wkh xqlwv gljlw lv 6

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +E,

Suholplqdu| Urxqg ~ Vhqlru

41 D vlqjoh uhg soxp frvwv 4

7
ri d groodu lq hlwkhu vwruh/ dqg d |hoorz soxp frvwv 4

6
ri d groodu lq wkh �uvw

vwruh dqg 4

9
ri d groodu lq wkh vhfrqg vwruh1 Vlqfh |rx erxjkw p uhg soxpv dqg q |hoorz soxpv lq hdfk

vwruh/ |rx erxjkw 5p. 5q soxpv iru d wrwdo frvw ri '431 Wkxv

p

7
.
q

6� ~} �
�uvw vwruh

.
p

7
.
q

9� ~} �
vhfrqg vwruh

@ 43,
p

5
.
q

5
@ 43,p. q @ 53, 5p. 5q @ 73

Wkxv |rx erxjkw 73 soxpv dowrjhwkhu1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +F,

51 Vhh Sureohp 43 rq wkh Mxqlru Suholplqdu| whvw1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +D,

61 Qrwh wkdw
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Wkxv 569�4 lv glylvleoh e| qlqh/ vr wkdw zkhq wkh qxpehu 9;d4<7:9:68 lv glylghg e| qlqh wkh uhpdlqghu
lv }hur1 E| wkh sulqflsoh ri _fdvwlqj rxw qlqhv% wklv uhpdlqghu htxdov wkh uhpdlqghu zkhq wkh vxp ri
wkh gljlwv lq wkh qxpehu lv glylghg e| <1 Exw 9 . ; . d. 4 . <. 7 . :. 9 . :. 6 . 8 @ d. 891 Vlqfh
zkhq 89 lv glylghg e| < wkh uhpdlqghu lv 5/ wklv lv wkh vdph dv d . 51 Iru wklv wr eh glylvleoh e| qlqh
wkh gljlw d pxvw : 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +H,
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71 Zulwlqj hdfk ri wkh orjdulwkp htxdwlrqv lq h{srqhqwldo irup jlyhv=

orj< 53 @ d/ <d @ 53/ 65d @ 53

orj6 q @ 7d/ q @ 67d @
�
65d

�5
@ 535 @ 733

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +D,

81 Vlqfh wkh qxpehuv rq wkh eodfnerdug duh 8 dqg ;/ wkh qxpehuv rq wkh sod|huv kdwv duh ehwzhhq 3 dqg
;1 Li hlwkhu sod|hu vhhv 9/ : ru ; rq wkh rwkhu shuvrq*v kdw/ vkh lpphgldwho| nqrzv wkdw wkh vxp lv ;
dqg wkxv nqrzv khu rzq qxpehu1 Wklv zrxog eh uhsruwhg rq wkh �uvw ehoo1 Li wkh �uvw ehoo eulqjv qr
uhvsrqvh/ wkhq erwk sod|huv nqrz wkdw qhlwkhu kdv 9/ : ru ; rq khu kdw1 Diwhu wkh �uvw ehoo/ li hlwkhu
sod|hu vhhv 3/ 4 ru 5 rq wkh rwkhu*v kdw/ vkh nqrzv wkh vxp lv 8/ vlqfh rwkhuzlvh khu qxpehu zrxog eh
;/ : ru 9 wr jlyh d vxp ri ;/ vr wkdw vkh nqrzv wkh qxpehu rq khu kdw1 Wklv zrxog eh uhsruwhg rq wkh
vhfrqg ehoo1 Li wkhuh lv qr uhvsrqvh rq wkh vhfrqg ehoo/ wkhq erwk sod|huv nqrz wkdw qhlwkhu kdv 3/ 4/ 5/
9/ : ru ; rq khu kdw vr wkdw wkh| nqrz wkdw wkh rqo| srvvleoh qxpehuv iru hlwkhu ri wkhp duh 6/ 7 ru 81
Wklv phdqv wkdw wkh vxp lv ; dqg hdfk sod|hu wkhq nqrzv khu qxpehu1 Wklv zrxog eh uhsruwhg rq wkh
wklug ehoo1 Wkxv wkh ehoo ulqjv dw prvw 6 wlphv1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +E,

91 Vhh Sureohp : rq wkh Mxqlru Suholplqdu| whvw

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +G,

:1 Ohw { dqg | eh wkh wzr qxpehuv dqg dvvxph { � |1 Wkhq { � | = { . | = {| @ 4 = : = 4;/ vr wkdw li
{� | @ n zh kdyh {. | @ :n dqg {| @ 4;n1 Dgglqj wkh �uvw wzr htxdwlrqv jlyhv { @ 7n dqg sxwwlqj
wklv lqwr wkh wklug htxdwlrq jlyhv 7n| @ 4;n1 Reylrxvo| n 9@ 3> vlqfh rwkhuzlvh erwk { dqg | zloo eh
}hur/ vr wkdw odvw htxdwlrq jlyhv | @ <

5
1 Vlqfh { @ 7n zh kdyh | @ 6n vr wkdw n @ 4

6
| @ 6

5
dqg { @ 91

Wkxv {| @ 5: 1 Wklv dqvzhu grhv qrw dsshdu dprqj wkrvh jlyhq1

Dowhuqdwh vroxwlrq= Xvlqj wkh jlyhq udwlrv zh kdyh {� | @ 4

4;
{| dqg {. | @ :

4;
{|1 Khqfh/

+{. |,5 � +{� |,5 @
�
:

4;
{|

�5
�

�
4

4;
{|

�5
, 7{| @

7

5:
+{|,5

Vlqfh {| 9@ 3 wklv jlyhv {| @ 5: =

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +H,

;1 Vlqfh DE @ 4/ wkh txduwhu flufoh DEJ kdv duhd �

7
1 Vlploduo|/ wkh txduwhu flufoh GIF kdv duhd �

7
1 Wkhq

Duhd ri DEFG @ DEJ.GIF �HIJ.EHF

@ DEJ.GIF @
�

5

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +E,

<1 Zh kdyh d5 � e5 @ +d� e, +d. e, @ 4<<<1 Vlqfh 4<<< lv d sulph qxpehu lwv rqo| glylvruv duh 4 dqg
4<<<> vr wkdw d� e @ 4 dqg d. e @ 4<<< dqg

d5 . e5 @
4

5

k
+d. e,5 . +d� e,5

l
@

4

5

�
4<<<5 . 45

�

@
4

5

k
+5333� 4,5 . 4

l
@

4

5
+7333333� 7333 . 5,

@
4

5
+6<<9335, @ 4<<;334
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Dowhuqdwh vroxwlrq= d� e @ 4 dqg d. e @ 4<<<, d @ 4333 dqg e @ <<</ vr wkdw

d5 . e5 @ 43335 . <<<5 @ 4333333 . +4333� 4,
5

@ 4333333 . 4333333� 5333 . 4 @ 4<<;334

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +E,

431 Xvh wkh htxdwlrq v @ yw/ zkhuh v lv wkh glvwdqfh/ y wkh yhorflw| dqg w wkh wlph1 Ohw yv eh Vdp*v yhorflw|
uhodwlyh wr wkh zdwhu dqg y

u
eh wkh yhorflw| ri wkh ulyhu1 Wkhq

v

y
v � yu

@ 9 dqg
v

y
v
. y

u

@ 6

dqg wkh wlph iru Vdp wr vzlp wkh glvwdqfh v xsvwuhdp dqg �rdw grzqvwuhdp wkh vdph glvwdqfh lv 9.
v

y
u

1

Wkh wzr htxdwlrqv deryh fdq eh zulwwhq

yv

v
�
yu

v
@

4

9
dqg

yv

v
.
yu

v
@

4

6

Vxewudfwlqj wkh �uvw ri wkhvh htxdwlrqv iurp wkh vhfrqg jlyhv

5
y
u

v
@

4

6
�

4

9
@

4

9
,

y
u

v
@

4

45
,

v

yu
@ 45

Khqfh wkh wlph lw wdnhv Vdp wr vzlp wkh glvwdqfh v xsvwuhdp dqg �rdw wkh vdph glvwdqfh grzqvwuhdp
lv 9 . 45 @ 4; 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +G,

441 Idfwrulqj jlyhv {5 � 9{. ; @ +{� 5, +{� 7,1 Zh pxvw �qg wkh vhjphqwv ri wkh lqwhuydo �43 � { � 43
zkhuh +{� 5, +{� 7, � 31 Zh glylgh wkh lqwhuydo lqwr wkuhh vxelqwhuydov= �43 � { � 5> 5 ? { � 7>
7 ? { � 431 Frqvlghu wkh wdeoh ehorz=

�43 � { � 5 5 ? { � 7 7 ? { � 43
{� 5 � . .
{� 7 � � .

+{� 5, +{� 7, . � .

Wkxv zh vhh wkdw +{� 5, +{� 7, � 3 iru �43 � { � 5 dqg 7 � { � 431 Wkh suredelolw| wkdw { lv d
vroxwlrq wr wkh lqhtxdolw| lv htxdo wr wkh udwlr ri wkh vxp ri wkh ohqjwkv ri erwk lqwhuydov wr wkh ohqjwk

ri wkh lqwhuydo �43 � { � 43/ wkdw lv
45 . 9

53
@ 3=< 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +H,

451 Ohw {. 5| @ d dqg 5{. | @ e1 Wkhq de @ 5:/ zkhuh d dqg e duh wkh lqwhjhu glylvruv ri 5:1 Wkxv wkh
srvvleoh ydoxhv ri +d> e, duh= +4> 5:, > +�4>�5:, > +6> <, > +�6>�<, > +<> 6, > +�<>�6, > +5:> 4, > +�5:>�4,1
Vlqfh wkh v|vwhp ri wzr htxdwlrqv lv v|pphwulf zlwk uhvshfw wr { dqg |/ d vroxwlrq +{> |, fruuhvsrqgv
wr d jlyhq sdlu +d> e, li dqg rqo| li +|> {, fruuhvsrqgv wr +e> d,1 Frqvhtxhqwo|/ zh qhhg wr �qg rqo| wkh
vroxwlrqv fruuhvsrqglqj wr wkh �uvw irxu ydoxhv ri +d> e,/ wkhq wkh uhpdlqlqj vroxwlrqv fdq eh rewdlqhg
e| vzlwfklqj { dqg |1 E| vroylqj wkh v|vwhp iru { dqg | lq whupv ri d dqg e/ zh jhw

{ @
5e� d

6
dqg | @

5d� e

6

Wkh sdluv +4> 5:, dqg +�4>�5:, gr qrw |lhog lqwhjhu vroxwlrqv1 Wkh sdlu +d> e, @ +6> <, jlyhv +{> |, @
+8>�4, > dqg +d> e, @ +�6>�<, jlyhv +{> |, @ +�8> 4,1 E| v|pphwu|/ wkh rwkhu vroxwlrqv duh +�4> 8, dqg
+4>�8,/ iru d wrwdo ri 7 vroxwlrqv1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +G,
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461 Hdfk lqwhulru dqjoh ri d uhjxodu shqwdjrq lv 4

8
+8� 4;3� � 693�, @ 43;�1 Vlqfh 9 SDH @ 9 SHD @ 93�/

zh vhh wkdw 9 EDS @ 9 GHS @ 7;�1 Vlqfh SD @ SH @ DH @ ED @ EG/ zh vhh wkdw 7ESD dqg
7SGH duh lvrvfhohv wuldqjohv hdfk zlwk d yhuwh{ dqjoh ri 7;�1 Wkxv 9 ESD @ 9 SED @ 4

5
+4;3� � 7;�, @

99�1 Vlploduo|/ 9 GSH @ 99�1 Wkhuhiruh/ 9 ESG @ 693� � 5� 99� � 93� @ 49;� 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +D,

471 Wkh vxp ri wzr qxpehuv lv hyhq li erwk qxpehuv duh hyhq ru erwk duh rgg1 Wkh suredelolw| wkdw Mdfn*v
qxpehu lv hyhq lv 8

43
@ 4

5
1 Jlyhq wkdw klv qxpehu lv hyhq/ irxu ri wkh qlqh uhpdlqlqj edoov kdyh dq hyhq

qxpehu/ vr wkh suredelolw| ri Mloo gudzlqj dq hyhq qxpehuhg edoo lv 7

<
1 Wkxv/ wkh suredelolw| wkdw erwk

edoov kdyh hyhq qxpehuv lv
�
4

5

� �
7

<

�
@ 5

<
1 Lq wkh vdph zd|/ wkh suredelolw| wkdw erwk edoov kdyh rgg

qxpehuv lv dovr 5

<
1 Vlqfh wkh hyhqwv _erwk qxpehuv duh hyhq% dqg _erwk qxpehuv duh rgg% duh glvmrlqw/

wkh suredelolw| wkdw wkh vxp lv hyhq lv 5

<
. 5

<
@

7

<
1

Dowhuqdwh vroxwlrq= Qr pdwwhu zklfk edoo Mdfn uhpryhv/ wkhuh zloo eh irxu uhpdlqlqj rxw ri wkh qlqh ohiw

zklfk |lhog dq hyhq vxp1 Wkxv Mloo kdv d suredelolw| ri
7

<
wr uhpryh d edoo wkdw |lhogv dq hyhq vxp1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +D,

481 Vlqfh 9 GDH . 9 DGH @ <3� @ 9 GDH . 9 EDH/ zh vhh wkdw 9 DGH @ 9 EDH dqg wkxv 7DGH lv
vlplodu wr 7EDI 1 Wklv phdqv wkdw

GH

DH
@
DI

EI
ru

8

6
@
DI

EI

Vlploduo|/

FI

EI
@
GH

FH
@

8

:

Wkhuhiruh

DI

EI
.
FI

EI
@

DI . FI

EI
@
DH . FH

EI
@

43

EI
@

8

6
.

8

:
@

83

54

, EI @
543

83
@

54

8
@ 7=5

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +F,

Ilqdo Urxqg ~ Mxqlru Sduw D

41 Zkhq GF lv gloxwhg 4 wr 7 wkhq rqh �iwk ri wkh pl{wxuh lv GF/ vr wkhuh duh duh wzhoyhv jodvvhv zruwk
ri GF lq 93 jodvvhv ri wkh pl{wxuh1 Li wkh vdph wzhoyh jodvvhv duh gloxwhg 4 wr 8/ wkh GF pdnhv xs rqh

vl{wk ri wkh pl{wxuh1 Wkxv wkhuh duh d wrwdo ri :5 jodvvhv ri wkh pl{wxuh1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +F,

51 Ohw D eh wkh xqvkdghg duhd iurp wkh vpdoo flufoh dqg E eh wkh xqvkdghg duhd iurp wkh odujh flufoh1
Wkhq

D.
�

6
@ �, D @

5�

6
dqg E .

�

6
@ <�, E @

59�

6

vr wkdw wkh wrwdo duhd ri wkh xqvkdghg uhjlrqv lv D.E @
5;�

6
=

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +G,
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61 Wkh shulphwhu ri 7STU lv

ST.TU.US @ +SP �TP, .TU. +SQ �UQ, @ SP . SQ .TU�TP �UQ

@ SP . SQ .TU�T[ �[U

Exw TU @ T[ .[U vr wkdw ST.TU.US @ SP . SQ @ 5: 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +G,

71 Frqvwuxfw wkh olqh vhjphqwv OS / RS dqg PS 1 Vlqfh 7OSR
lv htxlodwhudo OS @ OR @ OP 1 Wkxv 7OSP lv lvrvfhohv
zlwk 9 PSO @ 9 OPS @ �1 Ixuwkhu 9 SOR @ 93�/ vr wkdw
9 SOP @ 63�1 Wkxv

5�. 63� @ 4;3� , � @ :8�

α
α

30°

60°

P

O

NM

L

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +D,

81 Li Dol eurnh wkh wr|/ wkhq Eduedud lv o|lqj e| vd|lqj wkdw W|ohu eurnh1 Vr Dol fdqqrw kdyh eurnhq wkh
wr|1 Li W|ohu eurnh lw/ wkhq Dol lv o|lqj1 Vr W|ohu fdqqrw kdyh eurnhq lw1 Li Khl0Odp eurnh lw/ wkhq erwk
Dol dqg Eduedud duh o|lqj1 Vr Khl0Odp fdqqrw kdyh eurnhq lw1 Li Eduedud eurnh lw/ wkhq qrerg| hovh lv

o|lqj1 Wkxv lw pxvw kdyh ehhq Eduedud zkr eurnh wkh wr|1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +E,

91 Wkh qxpehu 64< lv d pxowlsoh ri </ vr wkdw/ e| wkh sulqflsoh ri _fdvwlqj rxw qlqhv%/ wkh vxp ri lwv gljlwv
pxvw eh d pxowlsoh ri qlqh1 Wkxv 4 . 4 . d. 5 . 5 . 9 . 4 . 7 . 9 . : @ 63 . d pxvw eh d pxowlsoh ri
qlqh zkhuh d lv d vlqjoh gljlw/ l1h1/ d qrqqhjdwlyh lqwhjhu ohvv wkdq whq1 Khqfh d @ 9 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +G,

:1 Ohw � eh wkh dqjoh ehwzhhq wkh krxu kdqg dqg wkh krul}rqwdo dqg � eh wkh dqjoh ehwzhhq wkh plqxwh
kdqg dqg wkh yhuwlfdo1 Wkhq/ vlqfh wkh krxu kdqg pryhv wkurxjk 63� lq rqh krxu/ � @ 63�

�
59

93

�
@ 46�/

dqg/ vlqfh wkh krxu kdqg pryhv wkurxjk 693� lq rqh krxu dqg wkh plqxwh kdqg lv irxu plqxwhv ehiruh

wkh yhuwlfdo/ � @ 693�
�
7

93

�
@ 57�1 Khqfh wkh dfxwh dqjoh ehwzhhq kdqgv dw 6=59 lv <3� ��� � @ 86� 1

Wklv ydoxh grhv qrw dsshdu lq wkh olvw ri dqvzhuv1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +H,

;1 Wkh ruljlqdo whwudkhgurq kdv vl{ hgjhv dqg irxu yhuwlfhv1 Hdfk
fruqhu wkdw lv fxw r� lqwurgxfhv dw prvw wkuhh dgglwlrqdo hgjhv1
Khqfh wkhuh duh dw prvw 9 . 7� 6 @ 4; hgjhv1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +G,
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<1 Qxpehuv ohvv wkdq 439 kdyh dw prvw vl{ gljlwv1 Wzr gljlw sdolqgurphv duh ri wkh irup dd zkhuh d lv d
qrq}hur gljlw/ vr wkhuh duh < wzr gljlw sdolqgurphv1 Wkuhh gljlw sdolqgurphv duh ri wkh irup ded zkhuh
d lv dv ehiruh dqg e lv dq| gljlw/ vr wkhuh duh <�43 @ <3 wkuhh gljlw sdolqgurphv1 Irxu gljlw sdolqgurphv
duh ri wkh irup deed zkhuh d dqg e duh dv ehiruh/ vr wkhuh duh <3 irxu gljlw sdolqgurphv1 Ilyh gljlw
sdolqgurphv duh ri wkh irup defed zkhuh erwk e dqg f fdq eh dq| gljlwv/ vr wkhuh duh <� 43� 43 @ <33
�yh gljlw sdolqgurphv1 Vl{ gljlw sdolqgurphv duh ri wkh irup deffed zkhuh erwk e dqg f fdq eh dq|
gljlwv/ vr wkhuh duh <� 43� 43 @ <33 vl{ gljlw sdolqgurphv1 Wkxv wkh wrwdo qxpehu ri sdolqgurphv zlwk
vl{ ru ohvv gljlwv lv < . <3 . <3 . <33 . <33 @ 4<;< 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +G,

431 Xvlqj wkh fohun*v phwkrg wkh uhgxfhg sulfh lv +4� 3=54, � +4 . 3=:, @ 3=:< � 4=3: @ 3=;786 wlphv wkh
ruljlqdo sulfh1 Xvlqj wkh fxvwrphu*v zd| wkh uhgxfhg sulfh lv +4 . 3=:,�+4� 3=54, @ 3=:<�4=3: @ 3=;786
wlphv wkh ruljlqdo sulfh/ zklfk lv wkh vdph dv wkh fohun*v phwkrg1 Wkh frpsurplvh jlyhv d uhgxfhg sulfh
ri 4� 3=47 @ 3=;9 wlphv wkh ruljlqdo sulfh1 Wkxv wkh

wkh frpsurplvh lv wkh zruvw zkloh wkh rwkhu wzr zd|v duh htxdoo| jrrg 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +E,

Ilqdo Urxqg ~ Mxqlru Sduw E

41 Lq d wuldqjoh wkh vxp ri wkh ohqjwkv ri dq| wzr vlghv lv pruh wkdq wkh ohqjwk ri wkh rwkhu vlgh1 Wkxv iru
dq lvrvfhohv wuldqjoh wkh vxp ri wkh ohqjwkv ri wkh htxdo vlghv pxvw eh ohvv wkdq wkh ohqjwk ri wkh rwkhu
vlgh1 Iru dq lvrvfhohv wuldqjoh vlghv ri lqwhjudo ohqjwk wkh vlghv fdq eh= +4<> 4<> 5, > +4;> 4;> 7, > +4:> 4:> 9, >

+49> 49> ;, > +48> 48> 43, > +47> 47> 45, > +46> 46> 47, > +45> 45> 49, > dqg +44> 44> 4;,1 Wklv jlyhv d wrwdo ri <
srvvleoh wuldqjohv1

51 Li wkhuh duh q sdjhv lq wkh errn/ wkhq e| wkh irupxod jlyhq wkh vxp ri wkh sdjh qxpehuv lv 4.5.� � �.q @

q +q. 4,

5
1 Ilqg wkh odujhvw q vr wkdw wklv vxp lv ohvv wkdq 4<<<1 Vlqfh

s
5� 4<<< @

s
6<<; � 96/ vwduw

dw 95

95� 96

5
@ 4<86>

96� 97

5
@ 5349

Wkxv wkhuh duh 95 sdjhv dqg wkh sdjh wkdw lv frxqwhg wzlfh lv 4<<< � 4<86 @ 79 1 Qrwh li wkhuh zhuh
94 sdjhv wkhq wkh sdjh wkdw zdv frxqwhg wzlfh zrxog kdyh wr eh 4<<<� 94� 95

5
@ 4<<<� 4;<4 @ 43;

zklfk lv qrw d sdjh lq wkh errn1

61 H{whqglqj wkh odehohg vlghv ri wkh htxlodwhudo wuldqjoh dv vkrzq
jlyhv dqrwkhu htxlodwhudo wuldqjoh zkrvh vlgh ohqjwk lv

43 . 4< . 7 @ 43 . ;. 48 @ 48 . 47 . 7 @ 66

1

44

14

15

19

158

10

10

19

71 Ohw Q eh wkh qxpehu ri hjjv lq wkh edvnhw1 Wkhq Q � 4 pxvw eh glylvleoh e| 5> 6> 7> 8 dqg 91 Vlqfh
wkh orzhvw frpprq pxowlsoh ri wkhvh qxpehuv lv 93/ Q � 4 pxvw eh d pxowlsoh ri 931 Wkxv zh pxvw
�qg dq Q ohvv wkdq 833 vxfk wkdw Q � 4 lv d pxowlsoh ri 93 dqg Q lv glylvleoh e| :1 Wkh srvvlelolwlhv
duh= 4 � 93 . 4 @ 94/ 5 � 93 . 4 @ 454/ 6 � 93 . 4 @ 4;4/ 7 � 93 . 4 @ 574/ 8 � 93 . 4 @ 634/
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9� 93.4 @ 694/ :� 93.4 @ 754/ dqg ;� 93.4 @ 7;41 Wkh rqo| rqh ri wkhvh lqwhjhuv wkdw lv glylvleoh
e| : lv 634 @ :� 761 Wkxv wkhuh pxvw eh 634 hjjv lq wkh edvnhw1

Dowhuqdwh vroxwlrq 4= Wkh wrwdo qxpehu ri hjjv pxvw hqg lq wkh gljlw 4 vlqfh lw lv rqh pruh wkdq d
pxowlsoh ri 8 dqg d pxowlsoh ri 51 Vlqfh wkh wrwdo lv d pxowlsoh ri : hqglqj lq d 4 wkdw lv 833 ru ohvv/
lw pxvw eh rqh ri : � 6/ : � 46/ : � 56/ : � 66/ : � 76/ : � 86 ru : � 961 Fkhfnlqj/ zh �qg wkdw rqo|
:� 76 @ 634 vdwlv�hv doo ri wkh frqglwlrqv1

Dowhuqdwh vroxwlrq 5= Wkh qxpehu ri hjjv Q pxvw vdwlvi| wkh iroorzlqj v|vwhp ri frqjuxhqfhv

Q � 3prg:

Q � 4prg8

Q � 4prg7

Q � 4prg6

Wkh �uvw frqjuxhqfh jlyhv Q @ :|/ vr wkdw wkh vhfrqg jlyhv

:| � 4prg8 � 54prg8, | � 6prg8, | @ 6 . 8}

Wkhq wkh wklug frqjuxhqfh jlyhv

: +6 . 8}, � 4prg7 � 54prg7, 6 . 8} � 6prg7, } � 3prg7, } @ 7z

dqg wkh irxuwk jlyhv

: +6 . 53z, � 4prg6 � :prg6, 6 . 53z � 4prg6 � 7prg6

, 53z � 4prg6 � 73prg6, z � 5prg6

, z @ 5 . 6w

Wkxv

Q @ : ^6 . 53 +5 . 6w,` @ : +76 . 93w,

Wkhq w @ 3 lv wkh rqo| ydoxh wkdw pdnhv Q ohvv wkdq 8331 Wkxv Q @ :� 76 @ 6341

81 Ohw { dqg | eh wkh ohqjwkv ri wkh vlghv ri wkh wzr lvrvfhohv wuldq0
johv uhpryhg iurp wkh vtxduh/ dqg ohw d dqg e eh wkh vlghv ri wkh
uhfwdqjoh wkdw uhpdlqv1 Wkhq wkh duhdv ri wkh wuldqjohv uhpryhg
duh 4

5
{5/ 4

5
{5/ 4

5
|5 dqg 4

5
|51 Vr wkh wrwdo duhd uhpryhg lv=

{5 . |5 @ 533=

Wkh ohqjwkv ri wkh vlghv ri wkh uhfwdqjoh duh d @
s
5{ dqg e @

s
5|1

Wkxv wkh gldjrqdo ri wkh uhfwdqjoh lv jlyhq e|

g5 @ d5 . e5 @
�s

5{
�5

.
�s

5|
�5

@ 5
�
{5 . |5

�
@ 733=

Wkxv g @
s
733 @ 53 1

y

y

y

y

x

x

x

x

d

a

b
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Ilqdo Urxqg ~ Vhqlru Sduw D

41 Ohw { eh wkh qxpehu ri vwxghqwv wdnlqj Pdwkhpdwlfv rqo|
dqg ohw | eh wkh qxpehu wdnlqj doo wkuhh vxemhfwv1 Lq wkh
Yhqq gldjudp vkrzq P uhsuhvhqwv vhw ri vwxghqwv wdnlqj
Pdwkhpdwlfv/ H uhsuhvhqwv wkrvh wdnlqj Hqjolvk dqg K uhs0
uhvhqwv wkrvh wdnlqj Klvwru|1 Iurp wkh gldjudp zh kdyh

{. {. | . 8| . 9 @ 5;, 5{. 9| @ 55, {. 6| @ 44=

Wkh rqo| srvlwlyh lqwhjudo vroxwlrqv wr wklv htxdwlrq duh
{ @ 5> | @ 6/ { @ 8> | @ 5 dqg { @ ;> | @ 41 Iru wkh qxp0
ehu ri vwxghqwv wdnlqj Klvwru| dqg Hqjolvk rqo|/ zklfk lv
8|/ wr eh hyhq | pxvw eh hyhq1 Wkh rqo| vroxwlrq vdwlvli|0
lqj wklv uhtxluhphqw lv { @ 8> | @ 51 Wkxv wkh qxpehu ri
vwxghqwv wdnlqj Pdwkhpdwlfv dqg Hqjolvk rqo| lv 8 1

00
5y

y

6 x

x

EH

M

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +D,

51 Iru hdfk ri wkh wkuhh flufohv vkrzq wkh flufoh wr eh gudzq fdq eh wdqjhqw rq wkh lqvlgh ru wkh rxwvlgh1
Wkxv iru hdfk flufoh vkrzq wkhuh duh wzr srvvlelolwlhv/ vr wkh qxpehu ri flufohv wkdw fdq eh gudzq wdqjhqw
wr wkh wkuhh flufohv vkrzq lv 56 @ ; 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +H,

61 Vroylqj wkh htxdwlrq orj5 +frv +{,, @ �4

5
iru { jlyhv

frv +{, @ 5�4@5 @
4s
5
, { @ 	�

7
>	:�

7
>	<�

7
>	48�

7
> = = =

Wkxv d srvvleoh ydoxh iru { lv
:�

7
1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +H,

71 Vhh Sureohp < iurp Sduw D ri wkh Mxqlru Ilqdo Urxqg1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +F,

81 Odeho wkh vwxghqwv D> E> F> G dqg H dqg dvvxph wkdw wkh| zhuh vhdwhg ruljlqdoo| dw wkh wdeoh lq wklv
rughu1 Diwhu wkh euhdn wkhuh duh 8$ @ 453 zd|v wr dvvljq wkh vwxghqwv wr vhdwv dw wkh wdeoh1 Li hdfk
vwxghqw lv wr kdyh wkh vdph qhljkeruv wkh rughu pxvw eh D> E> F> G> H ru H/ G> F> E> D/ exw wkh
�uvw vwxghqw wr eh vhdwhg/ vd| D fdq vlw lq dq| rqh ri wkh �yh vhdwv1 Wkxv wkhuh duh 8� 5 @ 43 zd|v lq
zklfk wkh vwxghqwv fdq eh vhdwhg lq vxfk d zd| wkdw wkh| kdyh wkh vdph qhljkeruv dv ehiruh1 Wkxv wkh

suredelolw| ri doo �yh kdylqj wkh vdph qhljkeruv lv
43

453
@

4

45
1

Dowhuqdwh vroxwlrq= Ohw D wdnh khu sodfh dw wkh wdeoh �uvw1 Wkhq khu qhz qhljkeruv fdq eh fkrvhq lq�
7

5

�
@ 9 zd|v/ rqo| rqh ri zklfk zloo jlyh D wkh vdph qhljkeruv1 Rqfh D*v qhljkeruv duh vhdwhg/ wkhuh

duh wzr zd|v wr vhdw wkh uhpdlqlqj wzr vwxghqwv/ rqo| rqh ri zklfk zloo uhvxow lq hyhu|rqh kdylqj wkh

vdph qhljkeruv1 Wkxv wkh suredelolw| ri doo �yh kdylqj wkh vdph qhljkeruv lv
4

9
� 4

5
@

4

45
1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +H,
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91 Reylrxvo| dq| rqh ri D/ E ru F fdq zlq wkh fkdpslrqvkls/ dqg qhlwkhu J qru K kdyh d fkdqfh1 Sod|huv
D/ E dqg F pxvw sod| hljkw jdphv djdlqvw wkh rwkhu wzr iru d wrwdo ri wzhoyh jdphv dowrjhwkhu dprqj
wkh wkuhh ri wkhp1 Hdfk ri wkhvh wzhoyh jdphv pxvw eh zrq e| rqh ri D/ E ru F1 Li D zlqv wkuhh ri wkh
wzhoyh/ E zlqv irxu/ dqg F zlqv �yh dqg wkh| doo orvh doo ri wkhlu rwkhu jdphv/ wkhq wkh| zloo eh wlhg dw
<8 jdphv1 Wkhq dq| sod|hu zlwklq 5; jdphv ri <8 zlqv/ l1h1/ li wkh sod|hu kdv douhdg| zrq dw ohdvw 9:
jdphv/ fdq dw ohdvw wlh iru wkh fkdpslrqvkls1 Wkxv G dqg H kdyh d fkdqfh ri dw ohdvw d wlh/ exw I grhv
qrw1 Wkxv wkhuh duh 8 sod|huv zkr fdq dw ohdvw wlh iru wkh fkdpslrqvkls1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +F,

:1 Wkh huuru lq wkh dssur{lpdwlrq lv����4� | � 4

4 . |

���� @

����+4� |, +4 . |,� 4

4 . |

���� @
����4� |5 � 4

4 . |

���� @
���� �|

5

4 . |

����
@

���� |5

4 . |

���� @ |5

4 . |
vlqfh m|m ? 4

Wkhq wkh udwlr ri wkh huuru wr wkh fruuuhfw ydoxh lv=�
|5

4 . |

�
�

4

4 . |

� @

�
|5

4 . |

�
+4 . |, @ |5

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +E,

;1 Wkh wuldqjoh +8> 45> 46, lv d uljkw wuldqjoh/ vlqfh 85 . 455 @ 4651 Li zh frqvlghu wkh edvh ri doo ri wkh
wuldqjohv wr eh 45/ wkhq iru wkh rwkhu irxu wuldqjohv wkh ohqjwk ri wkh orqjhvw vlgh lv fkdqjhg zlwk wkh

edvh vwd|lqj wkh vdph1 Wklv uhgxfhv wkh dowlwxgh wr d ydoxh ohvv wkdq 81 Wkxv +8> 45> 46, kdv wkh odujhvw
duhd1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +E,

<1 Vlqfh p kdv wzr sulph glylvruv/ vd| s dqg t/ zh kdyh p @ s�t� / iru wzr srvlwlyh lqwhjhuv � dqg �1
Hyhu| glylvru ri p lv d surgxfw ri d glylvru ri s� dqg d glylvru ri t�1 Wklv phdqv wkdw wkh qxpehu
ri glylvruv p lv wkh surgxfw ri wkh qxpehu ri glylvruv ri s� dqg wkh qxpehu ri glylvruv ri t>zklfk duh
�. 4 dqg � . 4/ uhvshfwlyho|1 Wkxv wkh qxpehu ri glylvruv ri p lv +�. 4, +� . 4,1 Qrz p5 @ s5�t5� /
dqg/ dv dujxhg deryh/ wkh qxpehu ri glylvruv ri p5 lv +5�. 4, +5� . 4,1 Khqfh

+5�. 4, +5� . 4, @ 68 @ 8� :

dqg/ vlqfh � dqg � duh srvlwlyh lqwhjhuv zh pxvw kdyh 5�. 4 @ 8 dqg 5� . 4 @ :/ ru ylfh yhuvd1 Wkxv
� @ 5 dqg � @ 6 dqg p @ s5t61 Wkxv wkh qxpehu ri glylvruv ri p lv +5 . 4, +6 . 4, @ 6� 7 @ 45 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +D,

431 Ohw w eh wkh qxpehu ri plqxwhv vlqfh 6=33 zkhq wkh wzr kdqgv duh qh{w shushqglfxodu1 Wklv wlph zloo
eh vrphwlph diwhu 6=63 vr zh h{shfw w wr eh juhdwhu wkdq 631 Wkh plqxwh kdqg zloo kdyh pryhg wkurxjk

dq dqjoh ri
w

93
� 693� @ +9w,�1 Wkh krxu kdqg zloo kdyh pryhg

w

93
� 63� @

�
w

5

�
�

/ vr wkh krxu kdqg lv�
w

5
. <3

�
�

iurp 45=33= Zkhq wkh wzr kdqgv duh qh{w shushqglfxodu zh

9w�
�
w

5
. <3

�
@ <3, 9w� w

5
@ 4;3, 44w @ 693, w @

693

44
@ 65

;

44
plqxwhv
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H{suhvv
;

44
plqxwhv lq vhfrqgv=

;

44
plqxwhv @

;

44
� 93 @

7;3

44
@ 76

:

44
vhfrqgv

Wklv lv forvhu wr 77 wkdq wr 76/ vr vhfrqg kdqg lv forvhvw wr 77 vhfrqgv zkhq wkh kdqgv duh qh{w
shushqglfxodu1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 +G,

Ilqdo Urxqg ~ Vhqlru Sduw E

41 Ohw wkh irxu whupv ri wkh dulwkphwlf vhtxhqfh eh s @ d� 6/ t @ d� 4/ u @ d. 4/ v @ d. 61 Wkhq

stuv. 49 @ +d� 6, +d� 4, +d. 4, +d. 6, @
�
d5 � <

� �
d5 � 4

�
. 49

@ d7 � 43d5 . < . 49 @ d7 � 43d5 . 58

@
�
d5 � 8

�5
zklfk reylrxvo| lv d shuihfw vtxduh1

Dowhuqdwh vroxwlrq= Ohw wkh irxu whup ri wkh dulwkphwlf vhtxhqfh eh s/ t @ s. 5/ u @ s. 7/ v @ s. 91
Wkhq

stuv. 49 @ s +s. 5, +d. 7, +s. 9, . 49 @ ^s +s. 9,` ^+s. 5, +s. 7,` . 49

@
�
s5 . 9s

� �
s5 . 9s. ;

�
. 49

Vhw D @ s5 . 9s/ wkhq

stuv. 49 @ D +D. ;, . 49 @ D5 . ;D. 49 @ +D. 7,5 @
�
s5 . 9s. 7

�5
zklfk lv djdlq d shuihfw vtxduh1

51 Srvvleoh vhtxhqfhv wkdw jlyh 4<<< duh � � � <<< 4 <<<� ~} � 5 � � � / � � � << 4< <<� ~} � 53 � � � / � � � < 4<< <� ~} � 533 � � � 1 Wkh odvw

rqh lv reylrxvo| wkh �uvw wlph wkdw 4<<< dsshduv lq wkh vhtxhqfh1

d1 Wkxv wkh vwulqj frqwdlqv

7 ^<4<<� 5333 . 4` . 4 @ 55;34 gljlwv

e1 Ehwzhhq 5333 dqg ;<<</ lqfoxvlyh/ wkhuh duh :333 lqwhjhuv/ hdfk ri zklfk fdq rqo| kdyh wkh gljlw 3 lq
wkh �qdo wkuhh srvlwlrqv1 Wkhuh duh 54333 srvvleoh gljlwv zkhuh 3 frxog rffxu dqg 3 rffxuv lq 4

43
ri

wkhp/ iru d wrwdo ri 5433 }hurv ehwzhhq 5333 dqg ;<<<1 Iru wkh 433 lqwhjhuv ehwzhhq <333 dqg <3<</
hdfk lqwhjhu kdv d 3 lq wkh kxqguhgv srvlwlrq/ dqg/ lq dgglwlrq/ 3*v rffxu lq 4

43
ri wkh 533 gljlwv lq

wkh xqlwv dqg whqv srvlwlrqv iru d wrwdo ri 433 . 53 @ 453 }hurv1 Ehwzhhq <433 dqg <4<< }hurv rffxu
lq 4

43
ri wkh 533 gljlwv lq wkh xqlwv dqg whqv srvwlrqv iru d wrwdo ri 53 }hurv1 Wkh judqg wrwdo lv wkxv

5433 . 453 . 53 @ 5573 1

61 Wkh idfwruv ri 4333 fdq eh sdluhg dv= 4 � 43333/ 5 � 8333/ 7 � 5833/ 8 � 5333/ ; � 4583/ 43 � 4333/
49 � 958/ 53 � 833/ 58 � 733/ 73 � 583/ 83 � 533/ ;3 � 458/ zlwk 433 ohiw e| lwvhoi1 Wkh vxp ri wkh
orjdulwkpv lv htxdo wr wkh orjdulwkp ri wkh surgxfw/ wkxv

orj 4 . orj 5 . orj 7 . � � � . orj 8333 . orj 43333 @ orj +4� 5� 7� � � � � 8333� 43333,

@ orj
�
4333345 � 433

�
@ orj

�
437; � 435

�
@ orj

�
4383

�
@ 83
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71 Vlqfh EF lv d gldphwhu ri wkh odujh flufoh 9 FDE lv d uljkw dqjoh/
dqg vlqfh DE lv wdqjhqw wr wkh vpdoo flufoh 9 RHE lv d uljkw dqjoh1
Wkxv 7DEF dqg 7HER duh vlplodu wuldqjohv/ vr wkdw

FD

FE
@

RH

RE
, FD

5U
@

u

5U� u , FD @ 5U

�
u

5U� u
�

Wkxv

DE5 @ EF5 � FD5 @ +5U,5 � 7U5u5

+5U� u,5

@ 7U5

%
7U5 � 7Uu . u5 � u5

+5U� u,5
&
@ 49U5

%
U5 �Uu
+5U� u,5

&

Vr wkdw

DE @
7U
s
U5 � uU

5U� u

θ

2R - r

r

r O

E

C

A

B

Dowhuqdwh vroxwlrq= Ohw 9 DEF @ �1 Wkhq vlq � @
u

5U� u dqg

DE @ 5U frv � @ 5U
s
4� vlq5 � @ 5U

v
4� u5

+5U� u,5 @ 5U

s
7U5 � 7Uu . u5 � u5

5U� u @
7U
s
U5 �Uu

5U� u

81 Ohw { eh wkh qxpehu ri olwuhv ri ixho lq wkh wdqn dw wkh ehjlqqlqj ri wkh f|foh dv olvwhg1 Qrwh wkdw wkh
qxpehu ri olwuhv wkdw �rz lqwr wkh wdqn gxulqj d 57 krxu shulrg lv 5333� 57 @ 7;> 333 dqg wkh dprxqw
wkdw lv uhpryhg gxulqj wkh vdph shulrg lv 9> 333 . 46> 833 . :> 633 . 43> 333 . ;> 333 . 6> 533 @ 7;> 333/
vr wkdw wkh wdqn lv lq htxloleulxp1 Ixuwkhu/ qrwh wkdw wkh dprxqw wkdw �rzv lqwr wkh wdqn gxulqj dq|
irxu krxu shulrg lv ;333 olwuhv1 Frqvlghu wkh iroorzlqj wdeoh zklfk vkrzv wkh dprxqw ri ixho lq wkh wdqn
dw wkh ehjlqqlqj ri hdfk ri wkh irxu krxu shulrgv1

Wlph +ku,
Dprxqw
lq wdqn
+olwuhv,

Fkdqjhv
lq�rz� rxw�rz
+olwuhv,

3 { ;333� 9333 @ 5333

7 {. 5333 ;333� 46833 @ �8833
; {� 6833 ;333� :633 @ :33

45 {� 5;33 ;333� 43333 @ �5333
49 {� 7;33 ;333� ;333 @ 3

53 {� 7;33 ;333� 6533 @ 7;33

57 {

Vlqfh wkh plqlpxp dprxqw ri ixho lq wkh wdqn lv 533 olwuhv dqg iurp wkh wdeoh deryh zh vhh wkdw wklv
dprxqw lv {� 7;33/ zh pxvw kdyh {� 7;33 � 533 ru { � 83331 Ixuwkhu/ vlqfh wkh pd{lpxp dprxqw
ri ixho lq wkh wdqn lv {. 5333 wkh wdqn pxvw kdyh d fdsdflw| ri {. 5333 @ :333 olwuhv1 Li wkh f|foh lv
vwduwhg dw wkh ehjlqqlqj ru hqg ri wkh wlph shulrg zkhq ;333 olwuhv lv uhpryhg/ zh fdq vwduw zlwk 533
olwuhv1 Krzhyhu/ wkh fdsdflw| ri wkh wdqn pxvw vwloo eh :333 olwuhv1


